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NOTES:

This exam is 50 minutes long. In Question 3-7, make sure that the marker
can tell where your final results are. It is important to write down the pro-
cesses of how you get the final results, because they are also to be evaluated
(descriptive type exam).

In this exam, |A| denotes the determinant of a square matrix A.

* You can answer the questions either in English or in Japanese.

f 1. Fill in the blanks (a)—(c).

(1) The determinant has the following property:

o If each component of one row [or column] is written as an addition of
two numbers, then the determinant is expressed by the addition of two
determinants;

o If all components in one row [or column| are multiplied by the same
number, then the number can be factored out of the determinant.

For the case of 2 x 2 matrices,
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This property is referred to as| (a) | (or multi-| (a) |).

(2) Let us consider the permutation of four numbers: 1,2, 3,4. The total num-

ber of the permutations is m They can be obtained from the

identity permutation by several transpositions of any two numbers of the
permutation. Depending on the parity of the number of transpositions,
one can classify permutations into two: the even permutations or the odd

permutations. For example, the permutation (2,1,3,4) isan| (c)

2. Read the following statements (1)—(3). Write O in the space provided if
the underlined part is correct. If not, write down the correct answer. Here,
A denotes an n X n matrix.

(1) [A%]= A2 .
(2) For a constant ¢, [cA| = c|A| .
(3) AT denotes the transposed matrix of A. Then |[AT| = |A| .

i 3. Compute the following determinants.

[ 4. Compute the following determinants.
(1) (eis the Napier’s constant, which is also known as the Euler’s number.)

(2) Write your answer in the factorized form.

[ 5. Find the roots of the following equation.

1
f 6. For a regular matrix A, that is |A| # 0, prove that |A™!| = Tl

8 7. A tridiagonal matrix is a square matrix whose diagonal components and the
ones next to them are nonzero, while the other components are 0:

bl c1 0 . . 0
ag bg (&) :
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0

: an—1 bn—l Cn—1
o ... ... 0 an bn

Let us consider the determinats of tridiagonal matrices of order n where all
the diagonal components are 2z and the ones next to them are 1:

22 1 0 - - 0
1 2z 1
U (2) = 0 1 2z 1
0
1 2z 1
0 0 1 2z
. 2z 1
(1) Compute the determinants U;(z) = ‘2x|, Us(z) = 1 22 and Us(x) =
2z 1 0
1 2z 11
0 1 2z

(2) From (1), one can see that Us(x) = 22Us(x) — Uy (x). Now, compute Uy(z),
and show that
Uy(z) = 22Us(z) — Us(x) .
Note that by choosing Up(z) = 1, the following recurrence relation:
Unii1(x) = 22U, (2) — Up—1(x) ,

holds for any positive integer n. The polynomials U, (z) is well-known as
the Tchebyshev polynomials of the second kind.



